There are however other geometrically interesting possible choices of invariant metrics on F which are considered in [10] .
The first main result of the paper is Theorem 5.1 which is a generalization of the well-known Theorem of Ruh-Vilms [13] . It characterizes immersed surfaces in S 4 with normal-harmonic Gauss maps. Although this result is quite natural and elementary, to the best of this author's knowledge it has not been reported before.
Theorem 6.2, the second main result in the paper, establishes the complete integrability of the normal-harmonic map equation for Gauss maps. In other words it asserts that the normal-harmonic map equation for Gauss maps Σ → F can be encoded in a loop of flat connections S 1 ∋ λ → d + α λ on the trivial principal SO 5
bundle over Σ, a manifestation of complete integrability. Its proof is consequence of identity (59) in Lemma 6.1, which is a special property of the Gauss map. This fact provides a partial answer to the following question posed by Y. Ohnita [11] : Are there examples of harmonic maps, other than super-horizontal and primitive maps from a Riemann surface Σ to a k-symmetric (k > 2) manifold G/K which satisfy condition of Lemma 6.1?
The paper is organized as follows. In section 2 we derive the structure equations of isometric immersions of orientable surfaces in S 4 . As is well known, any such immersion determines a conformal or Riemann surface structure on an orientable surface for which the immersion results conformal. In section 3 we give a detailed construction of the Gauss map and some elementary facts on the geometry of the flag manifold F ≡ SO 5 /SO 2 × SO 2 . We describe also the Maurer-Cartan one form or moment map β of F following [4] . In section 4 we closely follow [1] and [4] to derive the harmonic map equation for smooth maps into F when the normal metric has been fixed, we call these maps normal-harmonic. When maps from Riemann surfaces are considered, the normal-harmonic map equation takes a very simple form. In section 5 we derive an explicit formula of the tension of the Gauss map of a conformal immersion in terms of the mean curvature vector of the immersion. A direct consequence is the proof of Theorem 5.1. Also we obtain Lemma 6.1 which establishes property (59), a distinctive algebraic-geometric property of Gauss maps.
As a consequence of we show that the normal-harmonic map equation for Gauss maps is a completely integrable system. We use this information to describe the S 1 -loop of conformal immersions of a simply connected Riemann surface determined by a normal-harmonic Gauss map. The last section deals with a computation of the normal energy of Gauss maps. We obtain a formula relating the normal energy of the Gauss map and the Willmore energy of the corresponding immersion. This allows to obtain a lower bound for the normal energy of Gauss maps which depends on the genus of the immersed Riemann surface.
Structure equations
On R 5 with coordinates (x 1 , x 2 , x 3 , x 4 , x 5 ) the euclidean metric ., . = dx
induces the usual canonical Riemannian metric ., . with constant curvature one on the unit sphere S 4 = {x ∈ R 5 : x, x = 1}. The matrix Lie group SO 5 = {A ∈ Gl 5 (R) : A t A = I, detA = 1} acts transitively on S 4 by isometries.
An immersion f : Σ → S 4 of a Riemann surface is conformal if f z , f z c = 0, for every local complex coordinate z = x + iy on M, where
are the complex partial derivatives and , c is the complex bilinear extension of the riemannian metric to C 5 :
Thus f is conformal if and only if on any local complex coordinate z = x + iy it satisfies (1)
We fix on Σ the induced Riemannian metric g = f * , so that f :
is an isometric immersion. The 2nd Fundamental form of the surface f :
where {N 1 , N 2 } is a local orthonormal frame. On any local chart (U, z = x + iy)
of M we introduce a conformal parameter u defined by f z , f z = e 2u , so that
The mean curvature vector of f is defined by H = 1 2 traceII, which in terms of f and u is given by
Since f is conformal
thus fz z has no tangential component and so
Defining ξ i := f zz , N i c , we decompose
From this equation we obtain
On the other hand from
In an analogous way (6) ∂ ∂z
Defining σ := ∂ ∂z N 2 , N 1 , we obtain the complex derivative of the normal fields
∂ ∂z
These equations together are the structure equations of the conformal immersion
The integrability condition of these equations are the Gauss, Codazzi and Ricci equations respectively,
Let ∇ ⊥ be the connection on the normal bundle ν of the immersed surface. Then from the compatibility equations we obtain
The Codazzi equations (C1) and (C2) in (9) may be expressed also in the following
The induced metric g = f * , on Σ is given in terms of the conformal parameter u by g = 2e 2u dz ⊗ dz. The Gaussian curvature of the surface (Σ, g) is just the curvature of the induced metric which is given by
where ∆ g = 2e
is the Laplace operator on Σ determined by g. Gauss equation (G) in (9) becomes
Let ω = ∇ ⊥ N 2 , N 1 be the connection one form of the normal bundle ν. Then the normal curvature is defined by dω = K ⊥ dA, where dA is the area form of the induced metric g. Thus in terms of σ we obtain ω = 2Re(σdz) and so
Hence since dω = K ⊥ dA g , and dA g = 2e 2u dx ∧ dy, the normal curvature function is given by
Let F : Σ → SO 5 be a (local) adapted frame of f i.e.
where F i , 0 ≤ i ≤ 4 are the columns of the orthogonal matrix F . By a gauge transformation (rotating within the complex line generated by F 1 − iF 2 ) we can assume that
Using (15) and routine computation we compute the complex derivative ∂ ∂z F of the frame F in terms of the frame itself.
System (16) can be written in matrix form as
. SinceĀ = B we get Fz = F B, so that in terms of matrices A, B the integrability
which encodes the equations of Gauss, Codazzi and Ricci of the immersion given before. Let Θ denote the left Maurer-Cartan form of the group SO 5 , and consider
The Gauss map
be the tautological line bundle whose fiber over ℓ ∈ CP 5 is the complex line ℓ itself. Then ϕ (and so f ) determines a complex line subbundle
Any smooth subbundle E ⊂ Σ×C 5 can be equipped with a holomorphic structure for which a local section s ∈ Γ(E) is holomorphic if and only if π E ( ∂ ∂z s) = 0, where π E is the orthogonal projection onto E and z is any local complex coordinate on Σ.
Now f is harmonic if and only if ϕ is harmonic since ϕ = ι • f , where ι denotes the totally geodesic embedding S 4 ֒→ CP 4 . In turn ϕ is harmonic if and only if the map
is holomorphic i.e. it sends holomorphic sections of ℓ 0 to holomorphic sections of ℓ ⊥ 0 . Since f, f z = 0, f is a global holomorphic section of ℓ 0 and π
2u H by equation (2) . In particular ϕ (and hence f ) is harmonic iif H = 0. If f is isotropic then ℓ 0 , ℓ 1 , ℓ 2 are mutually orthogonal line subbundles of the trivial bundle Σ × C 5 , whereas ℓ 1 ⊕ ℓ 2 is a maximal isotropic subbundle. The relevant geometric information of an isotropic immersion f : Σ → S 4 is thus contained in the ordered 3-uple (ℓ 0 , ℓ 1 , ℓ 2 ). This motivates introducing the manifold F consisting of ordered 3-uples (X 0 , X 1 , X 2 ) of mutually orthogonal complex lines in C 5 where X 0 is the complexification of a real line in R 5 and X 1 , X 2 span a maximal complex isotropic subspace of C 5 . Given l = (X 0 , X 1 , X 2 ) ∈ F , choose an ordered orthonormal basis
where the complex unit vectors z 1 , z 2 are given by
Define the projection map π : F → S 4 by demanding that the orthonormal basis {π(l), u 1 , . . . u 4 } be positively oriented. According to this definition π(l) = ±u 0 ∈ S 4 , depending on the orientation of the chosen orthonormal basis. Moreover
and the complex isotropic line X 1 . This establishes a diffeomorphism between the Grassmann bundle G 2 (T S 4 ) and F . In fact let p ∈ S 4 and V an oriented 2-plane in T p S 4 . Choose an oriented orhtonormal base {e 1 , e 2 } in V and set X 0 := Cp,
Thus the application sending (p, V ) to the (uniquely determined)
Note that the projection π : F → S 4 is a fiber bundle, where the fiber F p over a point p ∈ S 4 is the totality of complex isotropic lines in
If f : Σ → S 4 is a conformal isotropic map we define its Gauss map f : Σ → F by
It is easily verified that with this definition π • f = f holds.
On the other hand if f is superconformal then ℓ 2 and ℓ 2 are no longer orthogonal. In this case we define f : Σ → F by the condition π • f = f . That is, there is a uniquely defined isotropic complex line subbundle
Note that ℓ 2 and ℓ 2 are contained in X 2 ⊕ X 2 which coincides with the orthogonal complement bundle of ℓ 1 ⊕ ℓ 0 ⊕ ℓ 1 . Define the Gauss map of a superconformal immersion f by
Let (X 0 , X 1 , X 2 ) ∈ F with X 0 = Cu 0 , and u 0 ∈ R 5 and X j = Cz j , j = 1, 2 where the unit complex vectors z 1 , z 2 ∈ C 5 are given by (24). If g ∈ SO 5 then
are also complex unit vectors ∈ C 5 . Therefore the following defines a transitive action of the Lie group
Hence F ≡ SO 5 /SO 2 × SO 2 , where the isotropy group SO 2 × SO 2 is the stabilizer of the basepoint
with z j give by (24). Then t → g t .l defines a curve in F through l. We compute its
Since X + X T = 0 it follows that
On the other hand taking derivative at t = 0 of the identities
In particular any tangent vector at the basepoint o ∈ F is an ordered 3-tuple of complex lines of the form
where X ∈ so 5 varies in the subspace p ⊂ so 5 of matrices of the form
In this way T o F identifies with p.
If g ∈ SO 5 let τ g : F → F be the isometry sending g ′ .o to gg ′ .o. It easily follows that the projection π :
where τ ′ g is the isometry of S 4 induced by g ∈ SO 5 .
3.1. The Maurer-Cartan form of F . Decompose so 5 = g = k ⊕ p, where k = so 2 ⊕ so 2 is the Lie algebra of the maximal compact 2-torus T 2 = SO 2 × SO 2 sitting within SO 5 according to the inclusion
Let p ≡ T o F be the set of real skew-symmetric matrices (27). For A, B ∈ p define
Then ., . is an Ad(T 2 )-invariant inner product on p which determines an SO 5 -invariant metric on F , the so-called normal metric.
The geometry of the flag manifold (F , , ) may be studied with aid of the so- be viewed as an g-valued one-form on F which will be denoted by β. Every X ∈ g determines a flow on F defined by ϕ t (x) = exp(tX).x, which is an isometry of F for any t ∈ R. The vector field of the flow is then a Killing field denoted by X * which is defined by
It is not difficult to show that
In particular at o ∈ F we have β(X * o ) = X for any X ∈ p. From this formula it follows the equivariance of β which is expressed by
Equivalently, note that ξ in turn satisfies
x , maps g onto T x F , and restricts to an isomorphism Ad(g)(p) → T x F whose inverse conicides with β x . More details and properties of the one form β and proofs can be found in [4] . 
Normal harmonic maps into F
Here we study the harmonic map equation for smooth maps from a Riemann surface Σ into the flag manifold F = SO 5 /T 2 , on which we have fixed the normal metric ., . defined by (30). Our approach is based on [1] (see also [9] ) and is also valid for a wider class of naturally reductive homogeneous spaces. Assume that Σ is compact and consider the energy of φ by
where dA g is the area form on Σ determined by a conformal metric g, and dφ 2 is the Hilbert-Schmidt norm of dφ defined by dφ 2 = i dφ(e i ), dφ(e i ) for any orthonormal frame {e i } on Σ. By definition φ is harmonic if it is an extreme of the energy functional φ → E(φ).
Denote by ∇ the Levi-Civita connection on F determined by the normal metric ., . and by ∇ φ the induced connection on the pull-back bundle φ * T F → Σ. As is well known, by the the first variation formula of the energy [5] it follows that φ is For our purposes we need to reformulate equation (33) in terms of the MaurerCartan form or Moment map β of F , see [1] , [4] .
Let D be the canonical connection of second kind i.e. the affine connection on F determined by the condition that the D-parallel transport along the curve t →
exp(tX).x is realized by d exp(tX). At the basepoint o ∈ F we have
Note also that D is determined by the condition (D X * X * ) o = 0, ∀X ∈ p. Since ∇ = D and D is metric i.e. D , = 0, it follows that D has non-vanishing torsion.
From(34) we obtain
The following formula due to F. E. Burstall and J. Rawnsley [4] allows to compute D in terms of β and the Lie algebra structure of g = so 5 ,
Let us now compute the Levi-Civita connection ∇ of the normal metric on F .
Since P : SO 5 → F is a riemannian submersion, P sends p-horizontal geodesics in SO 5 onto ∇-geodesics in F . Hence ∇ X * X * = 0 for every X ∈ p which implies
Since ∇ is torsionless we deduce
Hence at o ∈ F we get
We are now ready to obtain the following formula for the Levi-Civita connection ∇ on F in terms of β (for an equivalent formula see [12] )
where Proof. Let X * , Y * be fundamental (Killing) vector fields on F determined by
From de definition of β, (34) and (38) we have
On the other hand the difference tensor ∇ − D is SO 5 -invariant, and so is
by formula (36). Hence it is determined by its value at the point o ∈ F . For arbitrary vector fields on F formula (39) follows from a straightforward calculation.
Define the D-fundamental form of a smooth map φ : Σ → F by 
where
′′ is the decomposition of the (complex) one form φ * β into its (1, 0) and (0, 1) parts.
Proof. Follows as consequence of the following formula for the tension of φ
To obtain formula (42), first note that (39) implies β(tr∇dφ) = β(trDdφ), which since Σ is a Riemann surface is equivalent to
On the other hand from formula (36) we obtain
from which (42) follows.
Now we want to express the harmonic map equation in terms of the one form
where F is a frame of φ. From the identity
Now we use the identity (see [3] pag. 241)
Thus a direct consequence of Lemma 4.3 is the following 
Here note that [α
Set α = Adz+Bdz, where
Thus respect to a complex local coordinate z equation (44) becomes 
Remark 4.1. From (45) and (42) we obtain the following formula for the tension of φ, where F is any frame of φ.
A formula for the tension of the Gauss map
Here we obtain a formula for the tension of the Gauss map of a conformal immersion f : Σ → S 4 . As a by-product we caracterize conformal immersions with normal-harmonic Gauss maps.
If Σ is simply connected or contractible then there always exists a global frame F : Σ → SO 5 . By the above considerations it follows that F 1 − iF 2 is a local section of ℓ 1 and N 1 − iN 2 is a local section of ℓ 2 (resp. X 2 ) if f is isotropic (resp. superconformal). In either case the Gauss map of f is given locally by
In particular F is also an adapted frame of f . Since
is also a frame of f and also an adapted frame of f , we may assume (after possibly aplying a gauge) that (15) holds on a local complex chart z.
Set α = F −1 dF = Adz +Bdz as before and decompose A = A k +A p and B = B k +B p according to the decomposition g = k ⊕ p. Define the following complex one forms on Σ,
where the coefficients A 1 , A 2 , B 1 , B 2 are given respectively by (53)
In terms of the parameters u, h i , ξ i , the above coefficients are given by,
Using Codazzi's equations,
the above cofficients become are iR-valued.
Using formula (47) for the Gauss map we get
where M is given by (52) and F is a frame of f , i.e. f = F.o ∈ F . The tension of the Gauss map at a point x ∈ Σ is given by
where (Ad(F (x))M(x)) * denotes the fundamental or Killing vector field on F determined by Ad(F (x))M(x) ∈ g.
Since the base point was chosen to be o = (Ce 0 , C(e 1 − ie 2 ), C(e 3 − ie 4 )) ∈ F , a straightforward calculation shows (droping the point x ∈ Σ) that
where M j is the j-th column of the matrix M. In terms of the columns
Now recall equation (10) giving the normal derivative of the mean curvature vector,
From (56) above, we obtain
Thus from (57) we arrive at the following formula for (a non-zero factor of) the tension of f ,
From these identities we conclude that f is harmonic if and only if ∇ 
Complete integrability
We first turn our attention to the following property of the Gauss map, 
Proof. Recall that for g-valued one forms α, β on Σ their wedge product is defined by We perform a direct computation using the structure equations (16) and the explicit form of matrices A p , B p (50).
From the structure equations (16) and taking (17) into account we obtain Denote by ∇ Σ the Levi-Civita connection on Σ determined by the induced conformal metric g = f * ., . . Using again the structure equations (16) we obtain
thus α λ is g-valued. It determines a connection d + α λ on the trivial SO 5 bundle over Σ which by (62) is automatically flat. By this reason equation (62) is called zero curvature condition (ZCC) [3] . In this way the harmonic map equation for Gauss maps to F is encoded in a loop of zero curvature equations, a manifestation of complete integrability [8] . We summarize our discussion in the following Conversely, let us assume that Σ is simply connected (otherwise transfer the whole situation to the universal covering surfaceΣ). Let α λ be the loop of so 5 -valued 1-forms (61). Fixed a point m o ∈ Σ we integrate to solve
tended frame [4] and satisfies
the one form α λ satisfies equations (a) and (b) for every λ ∈ S 1 . Thus if P : SO 5 → F denotes the projection map P (g) = g.o, then f λ = P • F λ : Σ → F is harmonic ∀λ ∈ S 1 . The family { f λ , λ ∈ S 1 } is called the associated family of the harmonic Gauss map f (see [3] ). Note that f {λ=1} = f , hence each f λ is a deformation of f .
6.1. One parameter families of parallel mean curvature immersions.
From (64) we derive the following set of equations which encode the dependence of F λ from the parameter λ,
.F 0 (λ) − iu z F 2 (λ) + λ −1 a 1 N 1 (λ) + λ −1 a 2 N 1 (λ), ∂ ∂z
.F 0 (λ) + iu z F 1 (λ) + iλ
where a i , b i are defined by (17). From the first equation above we obtain
Thus {f λ , λ ∈ S 1 } is a family of conformal immersions of Σ into S 4 , with a common conformal factor u. In particular all f λ induce the same metric for every λ ∈ S 1 and consequently the same Gaussian curvature function i .e. K λ = K, ∀λ ∈ S 1 .
Let K ⊥ λ denote the normal curvature of f λ . Then from the 4th and 5th equations in (65) we obtain σ λ = N 2 (λ), N 1 (λ) = σ,
Denote by H λ the mean curvature vector of f λ . Since u is the common conformal parameter of all f λ we get Thus h λ i = h i , i = 1, 2 and so the dependence of H λ on λ is only through N i (λ). Note that this implies H λ = H , ∀λ ∈ S 1 .
where {e 1 , e 2 } is any orthonormal basis of T p Σ.
To compute d f 2 we use the induced metric g = f * , which is conformal and locally given by g = 2e 2u dz ⊗ dz, where u is the conformal factor. Thus
Let F be any frame of f then we have the following identity 
where K is the Gaussian curvature of the induced metric g = f * ., . on Σ. Hence
On the other hand recall that the Willmore energy of the immersion f is defined 
